This paper proposes a hierarchical multivariable robust control design for a class of uncertain nonlinear dynamic system. The dynamic system is described by an uncertain T-S fuzzy model. The uncertainties in the model are structure matched and norm-bounded. For this fuzzy model, a hierarchical robust control consisting of two level compensators is presented. While the level 1 compensator ensures the basic robust performance, the level 2 compensator restrains the uncertainty. Under this design, the controlled system is uniformly bounded and uniformly ultimately bounded. To illustrate the design approach, the application to a multivariable control of turbofan engines is discussed. The semi-physical simulations of the controlled turbofan show that the resulting control is able to guarantee the prescribed boundedness in a more practical condition.
I. INTRODUCTION
Nonlinear uncertain dynamic inherently exists in physical systems [1] . To depict the nonlinear dynamics, one effective method is to utilize piecewise linear models. The Takagi-Sugeno(T-S) fuzzy model could be this kind [2] , [3] . Based on a series of IF-THEN rules, a T-S fuzzy model could approach a nonlinear system with an arbitrary accuracy [4] . This modeling philosophy has been adopted in many complex nonlinear systems [5] , [6] .
Taking the T-S fuzzy model as a plant, control designs were investigated widely, and numerous outstanding research results were published consequently [5] - [13] . Here, in order to introduce the work in this paper, the part of studies that are related to the stability analysis and robust control designs is focused on. Tanaka presented a sufficient criteria for control synthesis via a quadratic Lyapunov function (QLF) and linear matrix inequalities (LMI) [3] . A parallel distributed controller (PDC) is obtained correspondingly. Due to the conversation when QLF is applied to complex systems, Blanco and Tanaka developed a non-quadratic Lyapunov function
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(NQLF) [9] , [10] . Based NQLF, Guerran and Pan developed a non-PDC controller for discrete and continuous T-S fuzzy model [11] , [12] . The new approach improves the applicability of the controller design. For example, Khooban applied this approach to the speed control of electrical vehicles (EVs) [13] . The nonlinear dynamic of EVs are modeled as T-S fuzzy systems, and then a cost-guaranteed non-PDC control is proposed in regard to the formed fuzzy models. In such studies, the asymptotic stability of the controlled system is achieved by solving a group of LMIs [14] , [15] . While the number of fuzzy rules increases, the dimension of LMIs expands. The solving problem of the LMIs comes after the dimension increase. In addition, during the T-S fuzzy modeling for a nonlinear dynamic system, one generally employs the local model as the consequents [3] . The modeling uncertainty rises with the difference between the local models and the T-S fuzzy model. This uncertainty cannot be avoided during a fuzzy-model-based control design.
To restraint the affluence of uncertainty in dynamic systems, Corless and Leitmann proposed the uniform boundedness(UB) and the uniform ultimate boundedness (UBB) [16] , [17] .
Since, in the process of pursuing the UB and UBB, only the upper bound of uncertainty norm and the matching condition are needed for a robust control design, and no LMIs solving is necessary, these two performances might be more relax performances for engineering applications [18] - [20] . By developing a bound estimator and a robust control in the absence of matching condition, Chen, Xiong, Xu further loosed requirements of the upper bound and the matching condition in the control design [21] - [24] .
It is noticed that, in these previous studies, the uncertainty bounds cover a limited scope of varying dynamics. Once the dynamics of physical systems changes within a large scale or the modeling errors exceed the given settings, the designed performances will deteriorate [1] . Aircraft engines are typical system of this kind [25] , [26] . For engine multi-variable control designs, a set of linear models under corresponding operation conditions are extracted from an engine component-level thermodynamic model [27] - [29] . When the engine works from one operation condition to another continuously in the flight envelope, likewise, the modeling error and/or the disturbances increase significantly. Consequently, occurs the deterioration of pre-designed performances of the controlled system inevitably.
To address the problem of control for dynamic system with uncertainty and large scale varying nonlinearity, in this paper, a robust control design is proposed via two steps. First, an uncertain T-S fuzzy model is constructed to approximate an uncertain dynamic system with large scale nonlinearity. Then, based on the uncertain T-S fuzzy model, a hierarchical robust control(HRC) consisting of two level compensators comes. The level 1 compensator guarantees a basic H 2 /H ∞ performance; The level 2 compensator restrains uncertainty.
The new robust control design is applied to turbofan engines, a class of aircraft engine. In the turbofan uncertain T-S fuzzy model, ambient parameters and a series of local uncertain models are, respectively, the premise variables and the consequents. The uncertainty in the consequents can be the dynamic nonlinearity, modeling errors and disturbances. The hierarchical robust tracking controller is designed in regard to the entire flight envelope. Both computer simulations and semi-physical tests are conducted to verify the desired performances under a pure digital condition and a semi-physical condition.
The paper is organized as follows. In Section II, the considered uncertain nonlinear dynamic system and necessary preliminaries are introduced. For the uncertain dynamic system, Section III presents the hierarchical robust control and proves the desired performance of the controlled system. Section IV is the application of the proposed control to a turbofan engine. The computer and semi-physical simulation results are discussed.
The salient contributions of this paper are four fold. First, the controlled dynamic system is proven to be uniformly bounded and uniformly ultimately bounded. Second, the uncertain T-S fuzzy model approaches a nonlinear dynamic system with a higher accuracy and less fuzzy rules.
Third, the robust control is hierarchical. The level 1 compensator is less conservative by solving the LMIs with less dimensions compared to the traditional non-PDC solving. The level 2 compensator is a fuzzy inference one. Fourth, the hierarchical robust control realizes the multi-variable control for a turbofan engine in the flight envelope.
II. UNCERTAIN T-S FUZZY DYNAMIC SYSTEM
Consider an uncertain nonlinear dynamic system described as a T-S fuzzy system as Rule i:
(1)
is the disturbance depending on the uncertainty, w(t) ∈ R p is the input disturbance, z 1 (t) ∈ R s 1 and z 2 (t) ∈ R s 2 are the evaluation outputs. σ (t) ∈ R s is the unknown time-varying parameter, v j (t), j = 1, 2, · · · , g, are the premise variables, and L ij ∈ R + are the corresponding membership functions. A i and B 1i are known ''local'' constant matrices, ∆A i (x, σ, t), ∆B 1i (x, σ, t) and d(x, σ, t)) are matrices and vector, respectively, which depend on x, t, and the uncertain parameter σ . ∆A i (x, σ, ·), ∆B 1i (x, σ, ·), d(x, σ, ·), and w(·) are Lebesgue measurable. Hence, the uncertain T-S fuzzy dynamic system (1) can be inferred asẋ
where
with properties that 0 < h i (v(t)) < 1 and
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For the system (2), define its quasi-nominal system (the system without A z , B 1z ) aṡ
Assumption 1: For the uncertain T-S fuzzy dynamic system (1), there exist matrices D i (x, σ, t) and
Assumption 2: Subject to the Assumption 1, there exist known constant scalars b, c, ν Ei , ρ Ei , ρ Di , such that
where the vector norm is Euclidean and matrix norm is the induced one. Assumption 3: (i) For the local uncertain systems (1), all eigenvalues of 1 2 
All eigenvalues of ij are non-negative.
Remark 1: If a matrix is symmetric (such as 1 2 (w + w T )), then all its eigenvalues are real. Then it makes sense to talk about their being negative or positive.
Remark 2: Assumption 3(i) implies the directions dictated by B 1i and B 1j are consistent. For example, if there exists a matrix W j such that B 1j = B 1i W j (which means all input matrices of the system (1) are similar in terms of the structure and they meet the matching condition),
The assumption is met. Remark 3: The difference between (ii) and (i) is the addition of E i + E T i between B 1i and B 1j . Assumption 3(ii) implies the uncertain portion (E i ) of the input matrix does not render major departure of the structure of the nominal portion of the input matrix (B 1i ). For example, suppose there is no uncertainty in the input matrix, then E i (x, σ, t) = 0, ij (x, σ, t) = 0, and the assumption is met. Suppose E i (x, σ, t) = 0, then the effect of E i + E T i is toward the positive semi-definite direction of ij . In the simple case when B 1j = B 1i (i.e., W j = I ), then the positive semidefiniteness of E i + E T i will suffice to assure the satisfaction of the assumption.
Assumption 4: There exist positive scalars λ i (i = 1, 2, · · · , r) satisfying the derivative of the membership function h i (v(t)) to be such thatḣ
As the preparation of the next robust control design, the following lemma and definition are presented first.
Lemma 1 [30] : If there exists matrices ϒ ii , ϒ ij and ϒ ji with i, j = 1, 2, · · · , r and i = j, satisfying
then,
Definition 1: Consider a dynamic systeṁ
Supposing that the solution of the system (13) exists and is continuous in [t 0 , +∞).
1) The solution is uniformly bounded if for any r > 0 with
2) The solution is uniformly ultimately bounded if for
Remark 4: Definition 1 demonstrates the desirable performance that is pursued for the uncertain T-S fuzzy dynamic system (2) , which might be more slack compared to the asymptotical stability.
III. ROBUST CONTROL DESIGN FOR UNCERTAIN T-S FUZZY SYSTEMS
For the uncertain T-S fuzzy dynamic system (3), the hierarchical robust control is proposed as
where u qn (t) is, namely, level 1 compensator for the quasinominal system (3), u c (t) is a level 2 compensator for the uncertainty. First, the theorem is presented for the control design of the system (3).
Theorem 1: For the given positive scalars λ ρ (ρ = 1, 2, · · · , r) and γ ∞ , the given symmetric positive matrices R 1 and R 2 , if there exist symmetric positive matrices P i , positive H i , matrices F i , Q ij and G ij (i, j = 1, 2, · · · , r) to solve
the system (3) has a H 2 /H ∞ performance under the compensator scheme
Proof: See Appendix A. Remark 5: In this level 1 compensator design, for the given the matrices R 1 and R 2 , the evaluated output z 2 (t) is constructed by (1) and (A-16). Therefore, a H 2 performance in respect to x and u can be formed.
Remark 6: The level 1 compensator u qn(t) is a non-parallel distributed compensator. For the uncertain T-S fuzzy dynamic system (2) , this compensator provides a H 2 /H ∞ performance as a baseline. Because the structural uncertainty ∆A i (x, σ, t), ∆B i (x, σ, t) and the disturbances d(x, σ, t) will degenerate this basic performance, and even destroy the stability, the level 2 compensator collaborates with the compensator u qn (t) to achieve the performances of UB and UUB for the system (2) .
The control u c (t) in (14) is proposed as follows:
where γ is a strictly positive scalar constants, the matrix P −1 z is the same as in Theorem 1. Remark 7: In the compensator (25), B T 1z P −1 z constructs a fuzzy inference gain matrix, which takes advantage of the previous understanding of an uncertain dynamic system in a T-S fuzzy way. Therefore the gain can be adaptive to the nonlinearity and uncertainty of the system. The effect of the parameter γ is twofold. First, it provide one more way to adjust the size of uniform bound. Second, it can guarantee the desirable performance, which will be described in detail in the proof of Theorem 2.
Theorem 2: Consider that the uncertain fuzzy dynamic system (2) is subject to Assumptions 1-4. Suppose further there exists δ 1 , δ 2i > 0 such that κ 1 > 0 (the explicit expression of κ 1 is shown later in (50)). The control (14) with (24) and (25) is applied. Then, the solution of the controlled system (2) is uniformly bounded and ultimately uniformly bounded.
Proof: Consider the Lyapunov function candidate
Since
where λ m (·) and λ M (·) are, respectively, the minimum and maximum eigenvalue of a matrix. By the Reyleigh principle, it leads
The time derivative of V (t) along the trajectory of the controlled system (2) under the control (14) with (24) and (25) iṡ
Introducing the control scheme (14) into the system (2), the equation (29) is further written as (arguments are sometimes omitted when no confusions are likely to arise)
Recall (A-19) and the conclusion that 4 < 0 in Appendix A, and it infers that
For the positive matrix P z , there always exists a positive matrix Q(H ),
it follows
where κ 11 > 0. Consider the term dV 2 in (32) and there is
For any strictly positive scalar δ 1 , the equation (38) can be rewritten as
where κ 12 > 0, κ 01 > 0. Let
and introduce β i into (33), it follows
By Assumptions 2-3, it follows
Similar to (39), if δ 2i > 0, i = 1, 2, · · · , r, then
Introducing (43) into (42), it yields
By the perfect square principle, the following terms in (44) can be written as
One always can find δ 2i such that
The inequality (47) implies that, for all δ 2i ,ā i , ν Ei , the control parameter γ should satisfy
Introducing (46) and (47) into (44), then
where κ 13 > 0, κ 02 > 0. Combining (30), (37), (39) and (49), finallẏ
is obtained. By choosing appropriate δ 1 , δ 2i and γ , κ 1 can be strictly positive.
By (28) , (50) and the main result in reference [16] , the uncertain T-S fuzzy dynamic system (1) is uniformly bounded and uniformly ultimately bounded. Q.E.D.
Remark 8: Notice that the entries P j , j = 1, 2, · · · , r, of matrix P z in (24), (25) and (26) are the same.
Remark 9: In (47), in order to keep 2γ (1 + ν Ei ) − δ 2iāi > 0, a smaller δ 2i is needed. In (50), for a strictly positive κ 1 , a smaller κ 13 is preferred, which means a larger δ 2i is needed. To solve this contradiction, a larger δ 2i is first VOLUME 7, 2019 given to guarantee κ 1 > 0. Next, a larger controller gain parameter γ is determined to guarantee the inequality (24) holds. This is the second effect of γ mentioned in Remark 7. It is worth to notice that a larger γ will cause the increasing of control cost. Therefore, a tradeoff between δ 2i and γ should be concerned.
By Definition 1, (28) and (50), for a given constant r, if the initial of the system (1)
For the given constant r andd, if x 0 ≤ r, there exists
(52)
Remark 10: Consider (27) and (50). The uniform bound d(r) of the system (1) is related to the designed matrices F i , P i , R 1,2 and the control parameters γ . After the control u qn design, the matrices F i , P i and R 1,2 are determined. Therefore, the parameter γ can be utilized to adjust the size of bound. For instance, a larger γ leads to a smaller bound and a larger control cost.
The procedure of the proposed robust control design can be summarized as follows:
Step 1: Obtain v ij (i, j = 1, 2, · · · , r), set σ g > 0 and calculate h i (v(t)) based on the membership functions.
Step2: For given λ ρ > 0(ρ = 1, 2, · · · , r), γ ∞ > 0 and the symmetric matrices R 1,2 > 0, solve the LMIs (15)- (20) .
Step 3: Calculate u qn (t) in (24) .
Step 4: Obtain Q by (35) and calculate λ Q = κ 11 in (37). For given δ 1 > 0, calculate κ 12 in (39). Obtain ρ D i , ρ E i , and calculateā i in (45).
Step 5: Give δ 2i > 0(i = 1, 2, · · · , r) and calculate κ 13 in (49).
Step 6: Check whether κ 1 in (51) is strictly positive. If yes, go to Step 7. If not, return to Step 5 with another choose of δ 2i .
Step 7: Give γ with γ > γ m . Calculate u c (t) in (25) .
Step 8: Calculate u(t) in (14) . If let membership function in (2) be with a Gaussian function form, namely
where v * ij , σ g are given positive parameters. Then, the hierarchical robust control algorithm have the form as listed in Algorithm 1. If choose other membership functions, the procedure of Algorithm 1 is also suitable by updating the calculations of L ij , µ i and h i .
Algorithm 1 The Hierarchical Robust Control Algorithm
Input: The initial state x 0 , the membership function parameters v ij , σ g , λ ρ , the nominal performance parameter γ ∞ , the bounds of uncertainty ρ D i , ρ E i , the parameters δ 1 , δ 2i ,γ ,δ and the symmetric matrices R 1,2 Output: The controller output sequence
return to 19 29 end
IV. APPLICATION TO AIRCRAFT ENGINES A. FUZZY MODELING OF TURBOFAN ENGINES
Consider turbofan engines (Fig.1) , one type of aircraft engine, which operate in a flight envelope shown in Fig.2 . The nonlinear dynamics of engines is related to the total temperature T * 1 and the total pressure P * 1 of the air that the inlet inhales into. Hence, via the nonlinear functions f T (H , Ma, T 0 ) and f P (H , Ma, P 0 ) [31] , the flight envelope (Fig.2) is mapped to the operating envelope with T * 1 and P * 1 (Fig.3) . The selection of local linear models is mainly based on the T * 1 − P * 1 plane. At the selected thirteen operation points remarked on the T * 1 − P * 1 plane, uncertain state variable models (SVMs) are extracted from a turbofan component-level nonlinear model by employing the perturbation and fitting methods. Let v 1 = T * 1 , v 2 = P * 1 and the uncertain SVMs be the consequents. A turbofan dynamic character is described as
for i = 1, 2, · · · , 13. Here,
T is the output. n L (t) and n H (t) are the rotational speeds of low-pressure spool and high-pressure spool, EPR(t) is the engine pressure ratio, W f (t) is the fuel flow, and A 8 (t) is the area of the exhaust nozzle. The matrices A pi , A pi , B pi , B pi , C pi , C pi , D pi and D pi have the appropriate dimensions. Let the v j s membership function be the Gaussian function shown in (53) with j = 1, 2.
B. ROBUST OUTPUT TRACKING CONTROL DESIGN
Respect to the requirements of output tracking control of the turbofan T-S fuzzy system (54), an augmented uncertain fuzzy model is formed. Let
where e(t) is the error signal, r(t) is the command, n Hr(t) and EPR r (t) are the commands of n H (t) and EPR(t), respectively. Furthermore, definē
for i = 1, 2, · · · , 13. Recall (A-16) and give R 1 and R 2 ,C 2i andD 2i is determined. By (2), (54) and (56), the augmented system for turbofan engines iṡ
According to (14) , (24) , (25) and (57), the hierarchical robust control for the augmented system (57) is
Here, based on the system dynamics, the parameter γ is determined by on-line tuning to obtain satisfying system performances. Suppose the matrix F z P −1 z can be decomposed into F z P −1 z = K x K e , where the matrices K x and K e have the appropriate dimensions with x(t) and e(t). Similarly, suppose −γB T 1z P −1 z = K cx K ce . The control scheme for the turbofan engine is depicted in Fig.4 .
C. SIMULATION AND RESULTS ANALYSIS
In order to conduct the computer simulations and the semi-physical tests of the controlled engine, the turbofan VOLUME 7, 2019 component-level nonlinear model which could simulate a real turbofan engine with a high accuracy and fidelity is used as the controlled plant [32] , [33] .
The discrepancy of dynamics between the turbofan nonlinear model and its T-S fuzzy model generates the uncertain terms, ∆A pi , ∆B pi , ∆C pi and ∆D pi , in (56). In practice, these uncertain terms depend on the flight conditions, such as flight height, Mach number, et al. In the simulations and tests, let the engine operate continuously in the flight envelope, and the time-varying uncertain terms are produced.
Moreover, let λ ρ = 1, R 1 = diag (0.1, 1, 60, 8 ), R 2 = I 2×2 , γ ∞ = 10, γ = 0.5, δ 1 = δ 2 = 0.5, σ g = 0.08, and v * ij is listed in Table. 1. Based on the modeling data in (57), Assumption 3 was checked, and it is met.
In the simulations, the power lever angle (PLA) steps as 50 • → 45 • → 40 • → 50 • . For the space limitation, parts of simulation results are shown in Fig.5 . It can be concluded that, under the proposed control, the engine outputs n H and EPR can track their command signals with no steady errors at the different operation points. In the Fig.5 (a)-5(c), the settling time t s of n H responses is less than 3s and no overshoots are found. For EPR, the overshoots of responses are less than 1.5%, which are acceptable. In the Fig.5(d) , the overshoot of n H curve is appropriate 0.8%. The main reason for this phenomena is that the engine works close to the boundary of the flight envelop, where the significant modeling error influences the engine behaviors. Moreover, for both the responses of n H and EPR, the settling time T s varies among the different operation points. For example, T s of the EPR response is appropriate 3s at point (0, 0) and 5s at point (20, 2) . This demonstrates the dynamic nonlinearity of turbofan engines.
To compare the performance of new robust control and the widely used control in engines, a PID controller is designed. The simulation results are also depicted in Fig.5 . The Fig.5(a) shows that the simulation results under the PID controller is similar to that under the proposed robust control. While, Fig.5(b) , 5(c) and 5(d) indicate the system performances under the PID control deteriorate. Especially, at the point 8, H = 20km, Ma = 2.0 the overshoots of n H and EPR reach 2.5% and 4.6%. By contrast, the corresponding overshoots under the robust control are only 0.8% and 0.2%. It is also worth to notice from Fig.5 (a)-(d) that, under the different flight conditions, the wiggles in the response curves occur. These wiggles were caused by the uncertainties. In the continuous operation of engines, these uncertainties are time varying. Fig.5 shows that the proposed robust control could suppress the uncertainties.
Because turbofan engines operate continuously with aircrafts maneuver in the flight envelope, the simulate under a turbofan practical operation condition is further performed. A flight schedule is organized and shown in Fig.6 and Fig.7 . The simulation results are shown in Fig.8 . Fig.8(a) shows that, during the continuous operation, the engine outputs can track the given commands without steady errors. When the PLA steps, the commands, n Hr and EPR r , change fiercely, which leads distinguished transient errors, namely, the pulses in Fig.8(b) . The robust control runs to eliminate the errors. These pulses demonstrate that the robust control ensures the engine a quick transient tracking performance. Fig.8(c) and Fig.8(d) are the control input histories of W f and A 8 . The comparison of these two figures shows that there are pulses in the A 8 curve. The reason for the presence of pulses is that EPR is inherently a quick dynamics and the input A 8 effects EPR significantly. During damping the transient error EPR − EPR r , the input A 8 behaves like pulses in 8(d) . For example, around 300s, the commands EPR r steps downward with about 30% and cause a big error EPR − EPR r . The input A 8 changes quickly and strongly to reduce the error which form the last and also the highest pulses in 8(d). It should be noticed that the values of A 8 before and after the command steps are different. This small difference is covered by the pulse peak.
D. THE SEMI-PHYSICAL SIMULATION FOR THE CONTROL
After the pure digital simulations, in order to further test the controlled turbofan under a more physical operation condition, the control process was conducted and shown in Fig.6 on the semi-physical platform (Fig.9 ). The platform consists of a nonlinear turbofan engine model, a CRIO-based controller, a physical system and a digital system. The physical system contains sensors, the fuel regulator, the small inertial motors and other auxiliary devices. The simulation is real-time and the simulation results are shown in Fig.10 . Fig.10 shows that the engine outputs can track the command signals quickly. With the measurement noise and progress noise, the absolute of steady errors are less than 0.5%, which satisfies the control requirement. Comparing the results of the digital simulation ( Fig.8 ) and the semiphysical simulation (Fig.10) , it can find that the performance of the controlled system in the digital simulation is slightly better than that in the semi-physical simulation. The possible reasons are summarized as follows:
(1)There exists un-modeled dynamics in the physical system, such as the dynamics of the fuel regulator, sensors and the motor, which may cause the uncertainty exceeds what have been assumed in the control design. Hence, slight overshoots appear in the output responses in the semi-physical simulation (Fig.10) .
(2)The UDP communication in the semi-physical simulation platform causes several control period delays, which is ignored in the controller design. The delays can result in the overshoots and the oscillation.
V. CONCLUSION
The problem of control design for a nonlinear uncertain dynamic system are considered. The factors effecting the system dynamics are selected as premises, and then an uncertain T-S fuzzy model is formed. A hierarchical robust control design is presented to provide both a baseline performance for the quasi-nominal system and the boundedness for the uncertain fuzzy dynamic system. By appropriate control parameters, the tracking bound is obtained. Compared to the non-PDC, the new robust controller has lower dimensions. This design approach is applied to a turbofan engine. The computer and semi-physical simulation results show that:
(1) The T-S fuzzy uncertain model can describe turbofan engines with a widely varying dynamics;
(2) Facing the uncertainty and nonlinearity, the presented controller can guarantee the desired tracking performance during the engine continuous operation in the flight envelope;
(3) The new control can ensure a better comprehensive performances comparing to the traditional PID control.
The present work and positive results encourage the following research in the future.
(1) By the analysis on the interaction between the control gain parameter γ and the performance parameter d(γ ), the optimization of γ could be developed to obtain the better performance with the less control cost.
(2) Bench tests and flight platform experiments of the new robust control could be developed to help it apply to a physical turbofan engine.
where, G ij is shown as in (22) . By (16) , (18) and Lemma 1, G ij < 0 and it follows 5 < 0, 4 < 0 and L 2 < 0. By (A − 15), it yields
For the uncertain T-S fuzzy dynamic system (1), the premise variables can be related to the states variables or not. In this paper, the case that the premise variables are independent to the states is considered, and the following proof is presented. The proof for the case that premise variables are related to the states can be conducted in a similar way and will not be provided.
For the initial state x(0) = x 0 , assume the input u qn (t) is a unit impulse δ(t). The initial condition can be rewritten as x 0 = B 1z δ(t). For V (t) is non-negative, by (A-22), it follows that
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